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Abstract—This paper proposes an Adaptive Modified 

Levenberg–Marquardt (AMLM) algorithm for nonlinear 

least-squares problems. AMLM combines curvature-aware 

diagonal damping with reduction-ratio-based step acceptance 

and damping adjustment. It is compared with classical LM and 

Trust-Region Reflective (TRF) methods on exponential, 

power-law, logistic, and queueing-inspired models under 

different initialization and noise conditions. The results show 

comparable performance under favorable conditions, while 

AMLM provides greater robustness under poor initialization, 

strong parameter coupling, and ill-conditioning. In the most 

difficult cases, its success-rate advantage reaches 37 percentage 

points over LM and 11 percentage points over TRF. AMLM 

also performs reliably in near-singular conditions, although it 

generally requires greater computational effort and does not 

guarantee global convergence. 

 

Keywords—Nonlinear least squares, Levenberg–Marquardt 

algorithm, adaptive diagonal damping, Cloud computing 

I. INTRODUCTION 

Nonlinear least-squares (NLS) problems arise widely in 

nonlinear regression, system identification, parameter 

estimation, and scientific data fitting [1]–[3]. They are also 

important in computing-system performance modeling, 

where model parameters are estimated from workload, 

utilization, response-time, and resource-consumption data 

[4], [5]. In heterogeneous computing environments, accurate 

performance models can further support scheduling and 

resource-allocation decisions [6]. Queueing theory provides 

a particularly useful basis for describing the rapid growth of 

delay when system utilization approaches service capacity 

[5], [24]. 

The Levenberg–Marquardt (LM) algorithm is one of 

the most widely used methods for solving NLS problems 

[7]–[10]. By combining the Gauss–Newton direction with a 

damping term, LM generally provides fast convergence 

when the initial estimate is sufficiently accurate and the 

Jacobian is well conditioned [9]–[12]. However, its 

performance may deteriorate under poor initialization, 

strong parameter coupling, unequal parameter sensitivities, 

ill-conditioning, or near-singular behavior [1], [10]–[12]. In 

these cases, scalar or insufficiently scaled damping may 

suppress useful directions while failing to stabilize highly 

sensitive ones. 

To address these difficulties, this paper proposes an 

Adaptive Modified Levenberg–Marquardt (AMLM) 

algorithm that combines curvature-aware diagonal damping 

 
 

with reduction-ratio-based damping adjustment. The 

diagonal damping matrix is constructed from the 

approximate Hessian to regulate different parameter 

directions, while the reduction ratio determines step 

acceptance and the subsequent update of the damping 

parameter. The contribution therefore lies in the specific 

combination of diagonal regularization, adaptive damping 

adjustment, and failure-handling mechanisms rather than in 

diagonal scaling alone. 

AMLM is compared with classical LM and the 

Trust-Region Reflective (TRF) method using exponential 

saturation, power-law, logistic, and queueing-inspired 

models. The experiments consider different initialization 

and noise conditions and evaluate convergence success, 

residual error, parameter-estimation accuracy, runtime, and 

computational evaluations. The results indicate that AMLM 

improves practical robustness in several ill-conditioned and 

near-singular cases, although it generally requires greater 

computational effort and, like other local methods, does not 

guarantee global convergence. 

The main contributions are as follows: 

1. An AMLM method combining curvature-aware 

diagonal damping with adaptive damping adjustment.  

2. A systematic comparison of AMLM, LM, and TRF 

under different initialization and noise conditions.  

3. Validation on nonlinear models with different 

degrees of parameter coupling and conditioning.  

4. An analysis of convergence, parameter degeneracy, 

conditioning, and failure modes.  

The remainder of this paper is organized as follows. 

Section II reviews related work. Section III presents AMLM. 

Section IV describes the experiments and results. Section V 

discusses the findings and limitations, and Section VI 

concludes the paper. 

II. RELATED WORK ON LEVENBERG–MARQUARDT-BASED 

NONLINEAR OPTIMIZATION METHODS 

Gauss–Newton and LM are fundamental methods for 

nonlinear least-squares optimization [7]–[12]. Gauss–

Newton approximates the Hessian using and can converge 

rapidly near a solution, but its performance depends on the 

accuracy and rank of the Jacobian [10]–[13]. LM improves 

numerical stability by adding a regularization term to the 

approximate Hessian [7]–[9]. Subsequent studies have 

examined convergence conditions, damping-parameter 

selection, rank deficiency, and implementation strategies for 

LM-type methods [14]–[16]. 

Trust-region methods provide another important 

framework for improving robustness by restricting each step 

to a region in which the local model is considered reliable 
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[11], [17], [18]. Coleman and Li developed an interior 

trust-region approach for bound-constrained optimization 

[19], while Branch et al. proposed a subspace method 

suitable for large-scale bound-constrained problems [20]. 

These studies form the methodological basis of the TRF 

algorithm used in the present comparison. 

Scaling is also important when model parameters have 

different magnitudes or sensitivities. Classical LM 

implementations already incorporate diagonal or implicit 

scaling ideas [8], [9], while later work has investigated 

alternative scaling matrices for structured nonlinear 

least-squares problems [21]. From a geometric perspective, 

unequal sensitivities and narrow parameter directions can 

produce highly anisotropic objective-function landscapes, 

making optimization difficult [22], [23]. 

Building on these studies, AMLM uses the diagonal of 

the approximate Hessian to construct parameter-specific 

damping and combines it with a reduction-ratio mechanism 

for accepting steps and adjusting regularization. The method 

is intended to improve robustness when parameter directions 

are unevenly scaled or locally ill-conditioned, while 

retaining the computational structure of LM. 

III. PROPOSED ADAPTIVE MODIFIED LEVENBERG–

MARQUARDT METHOD 

A. Problem Formulation 

We consider the nonlinear least squares problem of the 

form: 

min⁡𝜃 𝐹(𝜃) =
1

2
∥ 𝑟(𝜃) ∥2=

1

2
∑ 𝑟𝑖

2
𝑚

𝑖=1
(𝜃) 

where 𝑟(𝜃) ∈ ℝ𝑚 denotes the residual vector and 𝜃 ∈ ℝ𝑛 

is the parameter vector to be estimated. The gradient of the 

objective function is given by: 

g = ∇𝐹(𝜃) = J𝑇r 
and the Gauss–Newton approximation of the Hessian matrix 

is: 

H ≈ J𝑇J 

where J =
∂r

∂𝜃
  is the Jacobian matrix. 

However, due to its complete reliance on local 

linearization, the Gauss–Newton method may produce 

excessively large parameter updates when the Jacobian is 

poorly conditioned or the model exhibits strong nonlinearity, 

leading to numerical instability or even divergence. 

Therefore, in practical applications, it is often necessary to 

introduce a damping mechanism to enhance robustness. 

B. Classical Levenberg–Marquardt Method 

In the Levenberg–Marquardt algorithm, the introduced 

term 𝜆𝐼 can be interpreted as an l2-norm regularization on 

the parameter increment. Here, the identity matrix 𝐼 
ensures that all parameter directions are equally damped, 

thereby improving numerical stability and preventing 

excessively large updates in directions with low curvature. 

Consequently, the LM method can be viewed as an adaptive 

interpolation strategy between the Gauss–Newton method 

and gradient descent.  

The classical Levenberg–Marquardt (LM) method 

computes the parameter update Δ𝜃 by solving: 

(𝐽𝑇𝐽 + 𝜆𝐼)Δ𝜃 = −𝐽𝑇𝑟, 

where 𝜆 > 0 is a damping parameter and I is the 

identity matrix. This formulation can be interpreted as an 

interpolation between the Gauss–Newton method (𝜆 → 0), 

and gradient descent (𝜆 → ∞). 

While LM is robust in many practical problems, the use 

of the isotropic damping matrix 𝐼  introduces a key 

limitation: all parameter directions are treated equally, 

regardless of their sensitivity or curvature., regardless of 

their sensitivity or curvature. As a result, LM may exhibit 

inefficient updates or convergence issues in problems with 

strong parameter coupling or heterogeneous scaling.  

C. Proposed Safeguarded Diagonal Damping 

To account for differences in parameter sensitivity and 

scaling, the proposed AMLM method employs a 

safeguarded diagonal damping matrix. At iteration 𝑘, let 

𝑟𝑘 = 𝑟(𝜃𝑘),  𝐽𝑘 = 𝐽(𝜃𝑘), 
and define 

𝐻𝑘 = 𝐽𝑘
𝑇𝐽𝑘 ,  𝑔𝑘 = 𝐽𝑘

𝑇𝑟𝑘 . 
Instead of using the identity matrix in the damping term, 

a diagonal scaling matrix is constructed from the diagonal 

elements of the Gauss–Newton matrix: 

𝐷𝑘 = diag(𝑑1,𝑘 , 𝑑2,𝑘 , … , 𝑑𝑛,𝑘), 

where 

𝑑𝑖,𝑘 = max{(𝐻𝑘)𝑖𝑖
, 𝛿 max(1, ∥ 𝐻𝑘 ∥∞)} ,  𝑖 = 1,… , 𝑛, 

and 𝛿 > 0is a small safeguard parameter. 

The safeguard prevents zero or extremely small 

diagonal elements and therefore ensures that 

𝐷𝑘 ≻ 0. 
The AMLM step 𝑝𝑘is computed by solving 

(𝐻𝑘 + 𝜆𝑘𝐷𝑘)𝑝𝑘 = −𝑔𝑘 , 
or, equivalently, 

(𝐽𝑘
𝑇𝐽𝑘 + 𝜆𝑘𝐷𝑘)𝑝𝑘 = −𝐽𝑘

𝑇𝑟𝑘 , 
where 𝜆𝑘 > 0is the damping parameter. 

Since 𝐻𝑘 = 𝐽𝑘
𝑇𝐽𝑘is positive semidefinite, 𝜆𝑘 > 0, and 

𝐷𝑘 ≻ 0, the matrix 

𝐻𝑘 + 𝜆𝑘𝐷𝑘  

is positive definite. Consequently, the AMLM step is 

uniquely defined even when 𝐽𝑘
𝑇𝐽𝑘 is singular or nearly 

singular. 

The diagonal scaling introduces parameter-dependent 

regularization. Parameter directions associated with larger 

diagonal elements of 𝐻𝑘 receive stronger absolute damping, 

whereas directions with smaller local sensitivities receive 

correspondingly scaled damping. This mechanism reduces 

the influence of differences in parameter magnitude and 

sensitivity on the computation of the optimization step. 

Diagonal scaling based on the Gauss–Newton matrix 

has previously been considered in Marquardt-type methods. 

Therefore, the contribution of the proposed AMLM method 

does not consist solely in replacing the identity matrix by 

diag⁡(𝐽𝑘
𝑇𝐽𝑘). Its contribution lies in combining safeguarded 

curvature-dependent diagonal scaling with 

reduction-ratio-based step acceptance and adaptive damping 

updates for poorly initialized and near-singular nonlinear 

least-squares problems. 

D. Adaptive Damping Parameter Update 

The quality of the trial step is evaluated by comparing 

the actual reduction in the objective function with the 

reduction predicted by the local quadratic model. 

The Gauss–Newton quadratic model is defined as 

𝑚𝑘(𝑝) = 𝐹(𝜃𝑘) + 𝑔𝑘
⊤𝑝 +

1

2
𝑝⊤𝐻𝑘𝑝. 
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The predicted reduction is 

pred𝑘 = 𝑚𝑘(0) − 𝑚𝑘(𝑝𝑘) = −𝑔𝑘
⊤𝑝𝑘 −

1

2
𝑝𝑘
⊤𝐻𝑘𝑝𝑘 . 

Because the AMLM step satisfies 

(𝐻𝑘 + 𝜆𝑘𝐷𝑘)𝑝𝑘 = −𝑔𝑘 , 
the predicted reduction can equivalently be written as 

pred𝑘 =
1

2
𝑝𝑘
⊤(𝜆𝑘𝐷𝑘𝑝𝑘 − 𝑔𝑘). 

The actual reduction is 

ared𝑘 = 𝐹(𝜃𝑘) − 𝐹(𝜃𝑘 + 𝑝𝑘). 
The reduction ratio is therefore defined as 

𝜌𝑘 =
ared𝑘

pred𝑘
. 

A trial step is accepted only when it produces a 

sufficient actual reduction: 

𝜃𝑘+1 = {
𝜃𝑘 + 𝑝𝑘 , 𝜌𝑘 ≥ 𝜂0,
𝜃𝑘 , 𝜌𝑘 < 𝜂0.

 

The damping parameter is updated according to 

𝜆𝑘+1 = {

max⁡(𝜆min
, 𝛾dec𝜆𝑘), 𝜌𝑘 ≥ 𝜂2,

𝜆𝑘 , 𝜂1 ≤ 𝜌𝑘 < 𝜂2,

min⁡(𝜆max
, 𝛾inc𝜆𝑘), 𝜌𝑘 < 𝜂1,

 

where 

0 ≤ 𝜂0 < 𝜂1 < 𝜂2 < 1,  0 < 𝛾dec < 1 < 𝛾inc. 
When 𝜌𝑘is large, the local quadratic model provides an 

accurate prediction and the damping parameter is decreased. 

When 𝜌𝑘is small or negative, the trial step is rejected or 

treated as unreliable, and the damping parameter is 

increased. 

E. Complete AMLM Algorithm 

The complete AMLM procedure is summarized in 

Algorithm 1. At each iteration, the algorithm constructs a 

safeguarded diagonal scaling matrix, computes a damped 

Gauss–Newton step, and evaluates the agreement between 

the actual and predicted reductions. A trial step is accepted 

only if it produces a sufficient reduction in the objective 

function. Otherwise, the current parameter vector is retained 

and the damping parameter is increased. 

The algorithm terminates when at least one of the 

gradient, step-size, or objective-reduction criteria is satisfied. 

A run is classified as unsuccessful if the maximum 

computational budget is exhausted, a nonfinite numerical 

value is encountered, or the damped linear system cannot be 

solved. 

Algorithm 1. Adaptive Modified Levenberg–

Marquardt Algorithm 

Input: Initial parameter vector 𝜃0 ; initial damping 

parameter 𝜆0 > 0 ; safeguard parameter 𝛿 > 0 ; 

thresholds 𝜂0, 𝜂1, 𝜂2 ; damping factors 𝛾dec and 𝛾inc ; 

tolerances 𝜀𝑔 , 𝜀𝑥 , 𝜀𝑓 ; maximum number of iterations 

𝐾max. 

Output: Estimated parameter vector 𝜃; final objective 

value 𝐹(𝜃); convergence status. 

Set 𝑘 = 0, 𝜃𝑘 = 𝜃0 , and 𝜆𝑘 = 𝜆0.  

Evaluate the residual vector and objective function: 

𝑟𝑘 = 𝑟(𝜃𝑘),  𝐹𝑘 =
1

2
∥ 𝑟𝑘 ∥2

2. 

While 𝑘 < 𝐾max, perform the following steps: 

3.1. Evaluate the Jacobian matrix: 

𝐽𝑘 = 𝐽(𝜃𝑘). 
3.2. Compute the Gauss–Newton matrix and gradient: 

𝐻𝑘 = 𝐽𝑘
⊤𝐽𝑘 ,  𝑔𝑘 = 𝐽𝑘

⊤𝑟𝑘 . 

3.3. Check the gradient termination condition. If 

∥ 𝑔𝑘 ∥∞≤ 𝜀𝑔 , 

terminate successfully. 

3.4. Construct the safeguarded diagonal matrix: 

𝐷𝑘 = diag⁡(𝑑1,𝑘
, 𝑑2,𝑘

, … , 𝑑𝑛,𝑘), 

where 

𝑑𝑖,𝑘 = max{(𝐻𝑘)𝑖𝑖
, 𝛿max⁡(1, ∥ 𝐻𝑘 ∥∞)}. 

3.5. Compute the AMLM trial step 𝑝𝑘by solving 

(𝐻𝑘 + 𝜆𝑘𝐷𝑘)𝑝𝑘 = −𝑔𝑘 . 
If the linear system cannot be solved or 𝑝𝑘contains NaN 

or Inf, classify the run as unsuccessful and terminate. 

3.6. Check the step-size termination condition. If 

∥ 𝑝𝑘 ∥2≤ 𝜀𝑥(∥ 𝜃𝑘 ∥2+ 𝜀𝑥), 
terminate successfully. 

3.7. Calculate the predicted reduction: 

pred𝑘 = −𝑔𝑘
⊤𝑝𝑘 −

1

2
𝑝𝑘
⊤𝐻𝑘𝑝𝑘 . 

Equivalently, 

pred𝑘 =
1

2
𝑝𝑘
⊤(𝜆𝑘𝐷𝑘𝑝𝑘 − 𝑔𝑘). 

3.8. If pred𝑘 ≤ 0or is nonfinite, reject the trial step, set 

𝜃𝑘+1 = 𝜃𝑘 , 
and increase the damping parameter: 

𝜆𝑘+1 = min⁡(𝜆max
, 𝛾inc𝜆𝑘). 

Then set 𝑘 ← 𝑘 + 1and continue to the next iteration. 

3.9. Compute the trial parameter vector: 

𝜃𝑘
trial = 𝜃𝑘 + 𝑝𝑘 . 

Evaluate 

𝑟𝑘
trial = 𝑟(𝜃𝑘

trial) 

and 

𝐹𝑘
trial =

1

2
∥ 𝑟𝑘

trial ∥2
2. 

3.10. Calculate the actual reduction: 

ared𝑘 = 𝐹𝑘 − 𝐹𝑘
trial. 

3.11. Calculate the reduction ratio: 

𝜌𝑘 =
ared𝑘
pred𝑘

. 

3.12. Accept or reject the trial step: 

𝜃𝑘+1 = {
𝜃𝑘
trial, 𝜌𝑘 ≥ 𝜂0,
𝜃𝑘 , 𝜌𝑘 < 𝜂0.

 

If the trial step is accepted, set 

𝑟𝑘+1 = 𝑟𝑘
trial,  𝐹𝑘+1 = 𝐹𝑘

trial. 
If the trial step is rejected, set 

𝑟𝑘+1 = 𝑟𝑘 ,  𝐹𝑘+1 = 𝐹𝑘 . 
3.13. Update the damping parameter: 

𝜆𝑘+1 = {

max(𝜆min
, 𝛾dec𝜆𝑘) , 𝜌𝑘 ≥ 𝜂2,

𝜆𝑘 , 𝜂1 ≤ 𝜌𝑘 < 𝜂2,

min(𝜆max
, 𝛾inc𝜆𝑘) , 𝜌𝑘 < 𝜂1.

 

3.14. If the step was accepted, check the relative 

objective-reduction criterion: 

∣ 𝐹𝑘 − 𝐹𝑘+1 ∣≤ 𝜀𝑓(𝐹𝑘 + 𝜀𝑓). 

If this condition is satisfied, terminate successfully. 

3.15. Set 

𝑘 ← 𝑘 + 1 

and continue. 

If 𝑘 = 𝐾max , terminate and classify the run as 

unsuccessful because the iteration budget has been 

exhausted.  

Return 

𝜃 = 𝜃𝑘 

together with the objective value, iteration count, 
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evaluation count and convergence status. 

The safeguard in 𝐷𝑘 ensures that the damped 

normal-equation matrix remains positive definite for every 

𝜆𝑘 > 0. The rejection mechanism prevents an unsuccessful 

trial point from replacing the current iterate. Increasing 

𝜆𝑘 after an unsuccessful step makes the subsequent step 

more conservative, whereas decreasing 𝜆𝑘 ⁡after a successful 

step allows the method to approach the Gauss–Newton 

regime near a solution. 

The algorithm also returns an explicit status code. In 

the experiments, successful termination corresponds to 

satisfaction of at least one prescribed convergence criterion. 

Reaching the maximum iteration or evaluation budget, 

encountering nonfinite values, or failing to solve the damped 

linear system is treated as an unsuccessful run rather than 

being silently removed from the statistical analysis. 

F. Theoretical Analysis 

1) Assumptions 

The theoretical analysis is based on the following 

standard assumptions. 

Assumption 1. The residual function 𝑟(𝜃) is 

continuously differentiable on an open set containing the 

level set 

ℒ(𝜃0) = {𝜃: 𝐹(𝜃) ≤ 𝐹(𝜃0)}. 
Assumption 2. The level set ℒ(𝜃0)is bounded and the 

objective function 𝐹is bounded below. 

Assumption 3. The Jacobian is Lipschitz continuous 

on the level set: 

∥ 𝐽(𝜃) − 𝐽(𝑧) ∥≤ 𝐿𝐽 ∥ 𝜃 − 𝑧 ∥. 

Assumption 4. The safeguarded scaling matrices 

satisfy 

0 < 𝑑min𝐼 ⪯ 𝐷𝑘 ⪯ 𝑑max𝐼. 
2) Positive Definiteness and Descent Property  

Proposition 1. If 𝜆𝑘 > 0and 𝐷𝑘 ≻ 0, then the matrix 

𝐵𝑘 = 𝐻𝑘 + 𝜆𝑘𝐷𝑘  

is symmetric positive definite. Consequently, the 

AMLM step is uniquely defined and is a descent direction 

whenever 𝑔𝑘 ≠ 0. 

Proof. For any nonzero vector 𝑣, 

𝑣⊤𝐵𝑘𝑣 = 𝑣⊤𝐽𝑘
⊤𝐽𝑘𝑣 + 𝜆𝑘𝑣

⊤𝐷𝑘𝑣 =∥ 𝐽𝑘𝑣 ∥2+ 𝜆𝑘𝑣
⊤𝐷𝑘𝑣 > 0. 

Therefore, 𝐵𝑘 is positive definite and nonsingular. 

Furthermore, 

𝑔𝑘
⊤𝑝𝑘 = −𝑝𝑘

⊤𝐵𝑘𝑝𝑘 < 0 

for 𝑝𝑘 ≠ 0. Hence, 𝑝𝑘is a descent direction.  

3) Influence on the Condition Number  

To analyze the effect of diagonal damping, define the 

scaled Gauss–Newton matrix 

𝐻𝑘 = 𝐷𝑘
−1/2

𝐻𝑘𝐷𝑘
−1/2

. 
Using the transformed variable 

𝑠𝑘 = 𝐷𝑘
1/2

𝑝𝑘 , 
the AMLM system becomes 

(𝐻𝑘 + 𝜆𝑘𝐼)𝑠𝑘 = −𝐷𝑘
−1/2

𝑔𝑘 . 

Let 𝜇min,𝑘and 𝜇max,𝑘denote the smallest and largest 

eigenvalues of 𝐻𝑘 . Since 𝐻𝑘 is positive semidefinite, 

𝜅2(𝐻𝑘 + 𝜆𝑘𝐼) =
𝜇max,𝑘 + 𝜆𝑘
𝜇min,𝑘 + 𝜆𝑘

. 

If 𝜇max,𝑘 > 𝜇min,𝑘, then 
𝜕

𝜕𝜆𝑘
𝜅2(𝐻𝑘 + 𝜆𝑘𝐼) =

𝜇min,𝑘 − 𝜇max,𝑘

(𝜇min,𝑘 + 𝜆𝑘)
2 < 0. 

Thus, increasing the damping parameter monotonically 

reduces the condition number of the scaled normal equations. 

Moreover, 

lim
𝜆𝑘→∞

𝜅2(𝐻𝑘 + 𝜆𝑘𝐼) = 1. 

For the original unscaled system, the following bound 

holds: 

𝜅2(𝐻𝑘 + 𝜆𝑘𝐷𝑘) ≤ 𝜅2(𝐷𝑘)𝜅2(𝐻̃𝑘 + 𝜆𝑘𝐼). 

Therefore, the diagonal damping improves the 

conditioning of the scaled system, while the conditioning of 

the original system also depends on the variation among the 

diagonal elements of 𝐷𝑘 . This distinction is important 

because diagonal damping does not necessarily reduce the 

unscaled condition number in every problem. 

4) Convergence Properties  

Theorem 1. Suppose that Assumptions 1–4 hold. 

Assume that unsuccessful trial steps are rejected, that 𝜆𝑘is 

increased after unsuccessful steps, and that every accepted 

step satisfies 

𝐹(𝜃𝑘) − 𝐹(𝜃𝑘+1) ≥ 𝜂0pred𝑘 ,  𝜂0 > 0. 
Then the sequence of accepted objective values is 

nonincreasing, and 

lim inf
𝑘→∞

∥ ∇𝐹(𝜃𝑘) ∥= 0. 

Hence, every accumulation point at which the Jacobian 

and gradient are continuous is a first-order stationary point. 

Proof sketch. Accepted steps produce a sufficient 

decrease in 𝐹, whereas rejected steps leave the parameter 

vector unchanged and increase the damping parameter. 

Since 𝐹 is bounded below, the sum of the accepted 

reductions is finite. If the gradient norm were bounded away 

from zero, the positive definiteness of 𝐻𝑘 + 𝜆𝑘𝐷𝑘 , together 

with the boundedness assumptions, would imply a 

uniformly positive predicted reduction for sufficiently 

damped steps. The sufficient-decrease condition would then 

force an infinite total reduction in 𝐹, contradicting its lower 

boundedness. Consequently, the gradient norm must 

approach zero along a subsequence. 

5) Local Convergence Rate 

Theorem 2. Let 𝜃∗⁡be a stationary solution, and 

suppose that 𝐽(𝜃∗)has full column rank. If 𝐽is Lipschitz 

continuous in a neighborhood of 𝜃∗ , 𝜆𝑘 → 0 , and full 

AMLM steps are eventually accepted, then the iterates 

converge locally to 𝜃∗. 

For a general nonzero-residual problem, the local 

convergence is at least linear under the standard Gauss–

Newton regularity conditions: 

∥ 𝜃𝑘+1 − 𝜃∗ ∥≤ 𝐶 ∥ 𝜃𝑘 − 𝜃∗ ∥. 
If 

𝑟(𝜃∗) = 0 

and the damping parameter decreases sufficiently 

rapidly, for example 

𝜆𝑘 = 𝑂(∥ ∇𝐹(𝜃𝑘) ∥), 
then the AMLM step asymptotically approaches the 

Gauss–Newton step and quadratic local convergence can be 

obtained: 

∥ 𝜃𝑘+1 − 𝜃∗ ∥≤ 𝐶 ∥ 𝜃𝑘 − 𝜃∗ ∥2. 
Therefore, diagonal damping improves stability away 

from the solution without changing the asymptotic Gauss–

Newton behavior when the damping parameter tends to 

zero. 
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IV. EXPERIMENTAL EVALUATION 

A. Experimental Setup 

To evaluate the performance of the proposed AMLM 

algorithm, we conduct a series of experiments on 

representative nonlinear models. The experiments are 

designed to assess robustness, convergence behavior, and 

sensitivity to initialization under different problem 

conditions. 

1) Data Generation and Noise Conditions 

Synthetic datasets were generated from predefined 

nonlinear models according to 

𝑦𝑖 = 𝑓(𝑥𝑖; 𝜃true) + 𝜀𝑖 ,  𝑖 = 1,… , 𝑚, 
where 𝜃truedenotes the ground-truth parameter vector 

and 

𝜀𝑖 ∼ 𝒩(0, 𝜎2). 
Four noise levels were considered: 

𝜎 ∈ 0.01，0.05，0.1 

The condition 𝜎 = 0represents noise-free observations, 

whereas 𝜎 = 0.01, 0.05, and 0.1represent low-, medium-, 

and high-noise conditions, respectively. 

For every stochastic trial, a new noise vector was 

generated using a predetermined random seed. The same 

generated dataset was subsequently supplied to all compared 

algorithms. This paired design ensures that differences 

between algorithms are not caused by differences in the 

generated observations. 

The random seeds used in the experiments were 

𝑠𝑗 = 𝑠0 + 𝑗,  𝑗 = 1,… ,100, 

where 𝑠0 = 42⁡ is the initial seed. All input values, 

ground-truth parameters and noise realizations were stored 

to ensure reproducibility. 

2) Initialization Conditions and Paired Trials 

Three initialization categories were considered to 

evaluate the sensitivity of the algorithms to the starting 

point: 

• good initialization, denoted by 𝐼1 , with 

parameters close to the ground-truth values;  

• moderate initialization, denoted by 𝐼2 , with 

parameters moderately displaced from the ground 

truth;  

• poor initialization, denoted by 𝐼3 , with 

parameters substantially displaced from the 

ground truth.  

The central initial parameter vectors used for each 

model are reported in Table 1. 
Table  1. Ground-truth and initial parameter vectors 

Model 
True 

parameters Good 𝐼1 Moderate𝐼2  Poor 𝐼3 

Exponential 

a=2.5 

b=1.3 

c=0.2 

a=2.0 

b=1.0 

c=0.1 

a=5.8 

b=7.3 

c=7.2 

a=8.0 

b=0.05 

c=-2.5 

Power-law 

a=2.0 

b=1.5 

c=0.5 

a=2.5 

b=1.7 

c=0.2 

a=4.0 

b=2.0 

c=1.0 

a=4.5 

b=-2 

c=1.2 

Logistic 

a=5.0 

b=2.0 

c=2.5 

a=5.5 

b=1.5 

c=1.5 

a=10.0 

b=5.5 

c=5.5 

a=8.0 

b=0.1 

c=-2.5 

For noisy conditions, 100 independently generated 

noise realizations were used for every combination of model, 

initialization category and noise level. The same noise 

realization and the same initial vector were supplied to all 

compared algorithms. 

In the noise-free condition, the dataset and initial vector 

were deterministic. Therefore, each algorithm was executed 

once for every model and initialization category. Repeated 

deterministic executions were not treated as independent 

experimental observations. 

3) Compared Algorithms 

The following nonlinear least-squares algorithms were 

included in the comparison: 

• classical Levenberg–Marquardt with 

identity-based damping, denoted by LM;  

• the Trust-Region Reflective method, denoted by 

TRF;  

• the proposed Adaptive Modified Levenberg–

Marquardt method, denoted by AMLM.  

LM and TRF were implemented using 

scipy.optimize.least_squares, whereas AMLM was 

implemented using the update procedure described in 

Algorithm 1. 

All algorithms received identical residual functions, 

Jacobian matrices, datasets and initial parameter vectors. 

The same stopping tolerances and maximum 

residual-evaluation budget were used whenever supported 

by the corresponding implementation. 

No parameter bounds were imposed in the main 

comparison. Consequently, TRF was evaluated as an 

unconstrained trust-region method rather than being 

provided with additional information unavailable to LM and 

AMLM. 

4) Algorithm Parameters and Stopping Criteria 

To ensure a fair comparison, all algorithms were 

evaluated using the same convergence tolerances and the 

same maximum number of residual-function evaluations 

whenever these settings were supported by the 

corresponding implementation. 

Three stopping criteria were considered: the gradient 

criterion, the step-size criterion and the objective-reduction 

criterion. 

The gradient criterion was defined as 

∥ 𝑔𝑘 ∥∞=∥ 𝐽𝑘
⊤𝑟𝑘 ∥∞≤ 𝜀𝑔 . 

The step-size criterion was defined as 

∥ 𝑝𝑘 ∥2≤ 𝜀𝑥(∥ 𝜃𝑘 ∥2+ 𝜀𝑥). 
The objective-reduction criterion was defined as 

∣ 𝐹(𝜃𝑘+1) − 𝐹(𝜃𝑘) ∣≤ 𝜀𝑓(𝐹(𝜃𝑘) + 𝜀𝑓). 

A run was regarded as successfully converged when at 

least one of these criteria was satisfied and all returned 

parameters and objective values were finite. Reaching the 

maximum computational budget without satisfying a 

convergence criterion was treated as an unsuccessful run. 

The gradient, step-size and objective-function 

tolerances were set to 

𝜀𝑔 = 10−8,  𝜀𝑥 = 10−8,  𝜀𝑓 = 10−8. 

The maximum number of residual-function evaluations 

was set to 

𝑁fev,max = 2000. 
For AMLM, the initial damping parameter was set to 

𝜆0 = 10−3. 
The safeguarded diagonal matrix was constructed using 

𝛿 = 10−12. 
The step-acceptance and damping-update thresholds 

were 

𝜂0 = 10−4,  𝜂1 = 0.25,  𝜂2 = 0.75. 
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After a highly successful step, the damping parameter 

was reduced using 

𝛾dec = 0.5, 
whereas after an unsuccessful step it was increased 

using 

𝛾inc = 2. 
To avoid numerical underflow or overflow, the 

damping parameter was restricted to 

𝜆min = 10−15,  𝜆max = 1015. 
 

The complete parameter settings are summarized in 

Table 2. 
Table  2. Algorithm parameters used in the experiments 

Parameter LM TRF AMLM 

Gradient tolerance (𝜀𝑔) (10−8) (10−8) (10−8) 
Step tolerance (𝜀𝑥) (10−8) (10−8) (10−8) 
Objective tolerance (𝜀𝑓) (10−8) (10−8) (10−8) 
Maximum residual evaluations 

(𝑁fev,max) 
2000 2000 2000 

Initial damping (𝜆0) 
Implementation 

default 
— (10−3) 

Diagonal safeguard (𝛿) — — (10−12) 

Acceptance threshold (𝜂0) — — (10−4) 

Lower update threshold (𝜂1) — — 0.25 

Upper update threshold (𝜂2) — — 0.75 

Damping decrease factor (𝛾dec) — — 0.5 

Damping increase factor (𝛾inc) — — 2 

Minimum damping (𝜆min) — — (10−15) 
Maximum damping (𝜆max) — — (1015) 

 

5) Failure Detection and Treatment of Unsuccessful Runs 

A run was classified as unsuccessful if at least one of 

the following events occurred: 

• the maximum iteration or residual-evaluation 

budget was reached without satisfying a 

convergence criterion;  

• the parameter vector, residual vector, Jacobian 

matrix or objective value contained NaN or Inf;  

• the damped linear system could not be solved;  

• the parameter vector entered an invalid region of 

the model;  

• the parameter norm exceeded the numerical 

threshold 𝜃max;  

• the objective function exceeded the numerical 

threshold 𝐹max.  

For the queueing-inspired model 

𝑦 =
𝑎

𝑏 − 𝑥
+ 𝑐, 

a run was additionally classified as unsuccessful if 

min
𝑖

∣ 𝑏 − 𝑥𝑖 ∣< 𝜀sing, 

because the model and its Jacobian become 

numerically unstable when the denominator approaches 

zero. 

Unsuccessful runs were retained in the experimental 

record and included in the calculation of the convergence 

success rate: 

𝑅success =
𝑁successful

𝑁total

. 

RSS, parameter-estimation error and iteration statistics 

were calculated over successfully converged runs and were 

accompanied by the corresponding number of successful 

runs. Unsuccessful runs were not silently removed or 

replaced. 

Successfully completed runs with unusually large 

parameter errors, residuals or runtimes were retained. 

Because the resulting distributions may be skewed, medians 

and interquartile ranges were reported in addition to 

arithmetic means. 

6) Evaluation Metrics and Statistical Analysis 

The algorithms were evaluated in terms of accuracy, 

convergence reliability, computational efficiency and 

numerical conditioning. 

The residual sum of squares was calculated as 

RSS = ∑[𝑦𝑖 − 𝑓(𝑥𝑖; 𝜃)]
2

𝑚

𝑖=1

. 

To compare parameter recovery across models and 

parameters with different scales, the relative parameter error 

was defined as 

𝐸𝜃 =
∥ 𝜃 − 𝜃true ∥2

∥ 𝜃true ∥2+ 𝜀𝜃
, 

where 𝜀𝜃 > 0prevents division by zero. 

Convergence reliability was evaluated using the 

success rate and the distribution of failure reasons. 

Computational efficiency was evaluated using runtime, 

iteration count, residual-function evaluations and Jacobian 

evaluations. 

The total evaluation count was defined as 

𝑁eval = 𝑁res+ 𝑁jac, 

where 𝑁res and 𝑁jac denote the numbers of 

residual-function and Jacobian evaluations, respectively. 

Numerical conditioning was assessed using 

𝜅2(𝐻𝑘),  𝜅2(𝐻𝑘 + 𝜆𝑘𝐼), 
and 

𝜅2(𝐷𝑘
−1/2

𝐻𝑘𝐷𝑘
−1/2

+ 𝜆𝑘𝐼). 
For repeated stochastic trials, results were summarized 

using the mean, median, standard deviation and interquartile 

range. Because all algorithms were evaluated using the same 

datasets and initial vectors, algorithm comparisons were 

performed using paired observations. The number of 

successful and unsuccessful runs was reported separately for 

every experimental condition. 

The complete stochastic experimental design included 

three initialization categories, three nonzero noise levels and 

100 paired trials for each model: 

3 × 3 × 100 = 900 

stochastic trials per algorithm and per model.The 

noise-free condition was analyzed separately using either 

deterministic runs or initialization perturbations, as specified 

above. 

B. Multi-Model Validation 

To evaluate whether AMLM generalizes across 

nonlinear least-squares problems with different structural 

properties, three representative models were considered: 

exponential saturation, power-law, and logistic models. 

These models exhibit different degrees of parameter 

coupling, curvature variation, and sensitivity to 

initialization. 

AMLM was compared with classical LM and the 

Trust-Region Reflective (TRF) method under three 

initialization levels and four noise levels, 𝜎 ∈
{0.01,0.05,0.1} . For each stochastic condition, 100 paired 

trials were performed using identical datasets, noise 

realizations, and initial parameter vectors for all three 

algorithms. 

The comparison considered convergence success rate, 

RSS, relative parameter error, runtime, and computational 

evaluations. Failed runs—including numerical overflow, 

invalid model values, and termination without satisfying the 
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convergence criteria—were retained in the success-rate 

calculation. Accuracy and efficiency statistics were 

computed only over successfully converged runs, with the 

number of successful runs reported for each condition. 

Parameter trajectories and fitted curves were additionally 

examined to identify cases in which numerical convergence 

did not correspond to correct parameter recovery or 

nonlinear structure. 

• Exponential Saturation Model 

The exponential saturation model is defined as 

𝑦(𝑥; 𝜃) = 𝑎(1 − 𝑒−𝑏𝑥) + 𝑐, 𝜃∗ = [2.5,1.3,0.2]𝑇. 

Synthetic observations were generated as 

𝑦𝑖
𝑜𝑏𝑠 = 𝑎∗(1 − 𝑒−𝑏

∗𝑥𝑖) + 𝑐∗ + 𝜀𝑖 ,  𝜀𝑖 ∼ 𝒩(0,𝜎2) 

where 𝜎 ∈ {0,0.01,0.05,0.10}. 
LM, TRF, and AMLM were evaluated using good, 

moderate, and poor initial estimates. For each combination 

of initialization and noise level, 100 independent runs were 

performed. 

 
Figure 1 Difference in convergence success rate between AMLM and 

LM or TRF for the exponential saturation model 

As shown in Figure 1, the three algorithms have similar 

success rates under good initialization. The advantage of 

AMLM increases as the initial estimate deteriorates and the 

noise level rises. Under poor initialization and 𝜎 = 0.10, its 

success-rate advantage reaches 0.36 over LM and 0.1 over 

TRF. Thus, TRF and AMLM are more robust than LM, 

while AMLM performs best under the most difficult 

conditions. 
Figure 2 Accuracy and computational characteristics of LM, TRF, 

and AMLM for the exponential saturation model 

Figure 2 shows that the three methods obtain similar 

RSS values. LM has the shortest runtime, whereas AMLM 

generally requires more model evaluations because of its 

trial-step acceptance procedure. However, under poor 

initialization, AMLM requires fewer iterations and Jacobian 

evaluations and achieves the lowest total evaluation cost. 

Therefore, its additional runtime is compensated by 

improved robustness and reduced dependence on expensive 

Jacobian recomputation. 

 
Figure 3 Parameter trajectories of LM, TRF, and AMLM under poor 

initialization 

For the poor initial estimate 𝜃0 = [8.0,0.05,−2.5]𝑇, 

LM converges to an incorrect parameter combination, 

whereas TRF and AMLM recover the true solution. AMLM 

exhibits temporary nonmonotonic oscillations caused by 

adaptive adjustment of the damping parameters but 

ultimately converges to the true parameter vector. 

Another important phenomenon is observed when the 

initial estimate deviates substantially from the true 

parameters, for example, 𝜃0 = [5.0,−0.1,1.0]𝑇. As shown 

in Figure 4, LM consistently converges to an incorrect 

linear-like solution, almost independently of the noise level. 

This behavior is explained by the local degeneracy of 

the exponential model. When 𝑏⁡approaches zero, 

1 − 𝑒−𝑏𝑥 ≈ 𝑏𝑥  

and the model becomes approximately 

𝑦(𝑥; 𝜃) ≈ 𝑎𝑏𝑥 + 𝑐 

In this region, the individual effects of 𝑎  and 𝑏 

become difficult to distinguish. Consequently, the 

Jacobian-based LM update may be misled by an inaccurate 

local approximation and converge to an incorrect parameter 

combination without recovering the nonlinear saturation 

structure. 

In contrast, AMLM successfully recovers the correct 

nonlinear structure. Its adaptive diagonal damping applies 

different regularization strengths to different parameter 

directions, thereby preventing misleading local curvature 

information from dominating the update. This result 

demonstrates that AMLM is less sensitive to poor 

initialization and is better able to escape degenerate 

parameter regions. 

Overall, classical LM remains efficient under favorable 

initialization, while TRF provides improved stability at a 

moderate computational cost. AMLM has the greatest 

runtime overhead but offers the highest robustness under 

poor initialization, elevated noise, and strongly nonuniform 

parameter sensitivity. 

 
AMLM fitting plot 

 
LM fitting plot 
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TRF fitting plot 

 
Figure 4 Fitting results of AMLM , LM and TRF under poor 

initialization for the exponential model 

• Power-Law Model 

The second experiment considers the power-law model 

𝑦(𝑥; 𝜃) = 𝑎𝑥𝑏 + 𝑐,⁡𝜃∗ = [2.0,1.5,0.5]𝑇 

This model is sensitive to the exponent 𝑏, especially 

when the initial estimate is negative or far from its true 

value. LM, TRF, and AMLM were evaluated under good, 

moderate, and poor initialization at four noise levels: 

𝜎 ∈ {0,0.01,0.05,0.10} 

 
Figure 5 Difference in convergence success rate between AMLM and 

LM or TRF for the power-law model 

As shown in Figure 5, all three algorithms have similar 

success rates under favorable conditions. The advantage of 

AMLM increases with noise and initialization error. Under 

poor initialization and 𝜎 = 0.1, its success-rate advantage 

reaches 0.17 over LM and 0.06 over TRF. AMLM therefore 

provides the greatest benefit when exponent estimation 

becomes difficult. 

 
Figure 6 Accuracy and computational characteristics of LM, TRF, 

and AMLM for the power-law model 

Figure 6 shows that the three algorithms obtain similar 

RSS values. LM has the shortest runtime and the lowest 

computational cost, whereas AMLM requires more 

iterations, model evaluations, and Jacobian evaluations. 

Thus, the improved robustness of AMLM is accompanied 

by additional computational overhead. TRF generally 

provides an intermediate compromise between efficiency 

and stability. 

 
Figure 7 Parameter trajectories of LM, TRF, and AMLM under poor 

initialization 

For the poor initial estimate 

𝜃0 = [4.5,−2.0,1.2]𝑇 

LM converges to an incorrect parameter combination, 

with approximately 𝑎 = 3.55, 𝑏 = 0.9, and 𝑐 = −1.05 . 

TRF rapidly approaches the true values, whereas AMLM 

converges more gradually and exhibits damped oscillations. 

Nevertheless, AMLM ultimately recovers the correct 

parameter vector. 

This experiment demonstrates that LM remains the 

most efficient method under favorable conditions, while 

TRF and AMLM are less sensitive to poor initialization. 

AMLM provides the highest success rate in difficult cases, 

although TRF achieves comparable stability with lower 

computational cost. 

A second noteworthy phenomenon is observed for the 

initial estimate 

𝜃0 = [4.5,−2.0,1.2]T. 
As shown in Figure 8, LM converges to a solution that 

deviates substantially from the true nonlinear trend. 

Although the fitted curve is smooth, it fails to reproduce the 

curvature of the underlying power-law relationship, 

particularly at larger values of 𝑥 . In contrast, AMLM 

successfully recovers the nonlinear structure and closely 

matches the observed data. 

 
AMLM fitting plot 

 
LM fitting plot 

 
TRF fitting plot 

Figure 8 Fitting results of AMLM , LM and TRF under poor 
initialization for the power-law model 

This behavior is associated with the strong coupling 

and unequal sensitivities of the power-law parameters. 

Under poor initialization, the standard LM step may be 

dominated by certain parameter directions and converge to a 

stable but inaccurate parameter combination. The adaptive 

diagonal damping of AMLM regulates each direction 

separately, thereby reducing parameter imbalance and 

enabling recovery of the correct curvature. 
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This observation further demonstrates that a smooth 

fitted curve and numerical convergence do not necessarily 

indicate correct parameter identification. AMLM is more 

robust in preserving the nonlinear structure of the power-law 

model under poor initialization. 

• Logistic (Sigmoid) Model 

The third experiment considers the logistic model 

𝑦(𝑥; 𝜃) =
𝑎

1 + 𝑒−𝑏(𝑥−𝑐)
,  𝜃∗ = [5.0,2.0,2.5]𝑇 

Parameter 𝑎  determines the upper asymptote, 𝑏 

controls the growth rate, and 𝑐 defines the inflection point. 

Because these parameters are strongly coupled, poor 

initialization may produce an inaccurate sigmoid shape and 

an ill-conditioned Jacobian. LM, TRF, and AMLM were 

evaluated under good, moderate, and poor initialization at 

𝜎 ∈ {0,  0.01,  0.05,  0.10} 

 
Figure 9 Difference in convergence success rate between AMLM and 

LM or TRF for the logistic model 

Figure 9 shows that the algorithms have similar success 

rates under good initialization. The advantage of AMLM 

increases with initialization error and noise. Under poor 

initialization and 𝜎 = 0.1, AMLM exceeds LM by 0.37 and 

TRF by 0.11. Thus, AMLM provides the greatest robustness 

under the most difficult conditions, while TRF also 

considerably improves upon classical LM. 
 

 
Figure 10 Accuracy and computational characteristics of LM, TRF, 

and AMLM for the logistic model 

As shown in Figure 10, the median RSS values of the 

three methods are generally similar. Under moderate and 

poor initialization, AMLM produces the lowest relative 

parameter error, indicating more accurate recovery of the 

model parameters. However, this robustness is accompanied 

by the longest runtime and the largest number of residual 

evaluations. LM is computationally cheaper, whereas TRF 

provides an intermediate compromise between efficiency 

and robustness. 

 

Figure 11 Parameter trajectories of LM, TRF, and AMLM for the 
logistic model under poor initialization 

For the poor initial estimate 

𝜃0 = [8.0,  0.1,  − 2.5]𝑇 

LM converges to an incorrect parameter combination 

and does not recover the true sigmoid structure. TRF 

approaches the true parameters relatively quickly. AMLM 

follows a longer, nonmonotonic trajectory, particularly for 

𝑎, but its oscillations gradually decay and all parameters 

ultimately converge to their true values. 

This behavior results from the strong coupling among 

the asymptote, growth-rate, and inflection-point parameters. 

Under poor initialization, the standard LM step may be 

dominated by an inaccurate local approximation. The 

adaptive diagonal damping of AMLM regulates the 

parameter directions separately, thereby improving stability 

and enabling recovery of the correct nonlinear structure. 

Overall, LM remains efficient under favorable 

initialization, TRF offers a good balance between cost and 

stability, and AMLM provides the highest robustness under 

poor initialization and elevated noise. 

C. Application-Oriented Validation Using a 

Queueing-Inspired Model 

To evaluate AMLM in an application-oriented setting, 

the following queueing-inspired nonlinear model is 

considered: 

𝑦(𝑥; 𝜃) =
𝑎

𝑏 − 𝑥
+ 𝑐,  𝑥 < 𝑏 

where 𝑥  represents resource utilization, 𝑦  denotes 

system delay, 𝑏 characterizes effective service capacity, 𝑎 

controls the rate of delay growth, and 𝑐  represents the 

baseline delay. Motivated by queueing theory, the model 

describes the rapid increase in response time as system load 

approaches capacity, a behavior commonly observed in 

cloud workloads involving disk I/O and network resources. 

A critical numerical condition occurs when 𝑏 

approaches the input range. As 𝑏 − 𝑥 → 0, both the model 

response and its derivatives increase sharply: 
𝜕𝑦

𝜕𝑎
=

1

𝑏 − 𝑥
,  

𝜕𝑦

𝜕𝑏
= −

𝑎

(𝑏 − 𝑥)2
,  

𝜕𝑦

𝜕𝑐
= 1 

Consequently, the Jacobian becomes ill-conditioned 

and the parameter directions exhibit strongly unequal 

sensitivities. 

As shown in Figure 12(a), AMLM accurately 

reproduces the nonlinear increase in the observed delay, 

including the high-curvature region. In contrast, LM fails to 

recover the underlying relationship and produces an almost 

constant fitted curve with a sharp local disturbance, as 

illustrated in Figure 12(b). This failure is caused by the 

extreme Jacobian sensitivity near the singular boundary, 

which results in unreliable parameter updates. 

TRF also recovers the overall nonlinear trend, as shown 

in Figure 12(c), and performs substantially better than LM. 

However, AMLM provides the closest agreement with the 

observations in the considered experiment. 
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(a)AMLM fitting plot 

 
(b)LM fitting plot 

 
(c)TRF fitting plot 

Figure 12 Fitting results for the queueing-inspired model near the 
singular regime 

The stability of AMLM is attributed to its adaptive 

diagonal damping, which regulates the parameter directions 

according to their local sensitivities and prevents a highly 

sensitive direction from dominating the update. TRF 

achieves stability by restricting the overall step within a trust 

region, whereas the scalar damping used by classical LM is 

insufficient in this near-singular case. 

These results demonstrate that AMLM improves 

numerical stability when the model operates near a critical 

region with strongly unbalanced parameter sensitivities. 

Both AMLM and TRF successfully recover the nonlinear 

queueing behavior, while LM fails under the considered 

experimental conditions. 

D. Conditioning Analysis 

To further explain the differences among the 

algorithms, the conditioning of the linearized system is 

analyzed. At iteration 𝑘, the classical LM step is obtained 

from 

(𝐽𝑘
𝑇𝐽𝑘 + 𝜆𝑘𝐼)Δ𝜃𝑘 = −𝐽𝑘

𝑇𝑟𝑘 

The numerical sensitivity of this system can be 

characterized by the condition number 

𝜅(𝐴𝑘) =
𝜎max(𝐴𝑘)

𝜎min(𝐴𝑘)
 ，𝐴𝑘 = 𝐽𝑘

𝑇𝐽𝑘 

where 𝜎𝑚𝑎𝑥  and 𝜎𝑚𝑖𝑛 are the largest and smallest 

singular values. A large value of 𝜅(𝐴𝑘) indicates that small 

errors in the residuals, Jacobian, or numerical calculations 

may cause large changes in the computed step. 

Poor conditioning arises when the Jacobian columns 

have substantially different magnitudes or become nearly 

linearly dependent. This behavior was observed in the tested 

models. In the exponential saturation model, 𝑎  and 𝑏 

become difficult to distinguish when 𝑏 is close to zero. In 

the power-law and logistic models, strong parameter 

coupling produces unequal directional sensitivities. The 

most severe case occurs in the queueing-inspired model near 

𝑏 = 𝑥, where the derivatives increase rapidly and the normal 

equations become numerically unstable. 

Classical LM improves invertibility through scalar 

damping. If the eigenvalues of 𝐽𝑘
𝑇𝐽𝑘 ⁡are 𝜇i, the condition 

number of the damped matrix is 

𝜅(𝐽𝑘
𝑇𝐽𝑘 + 𝜆𝑘𝐼) =

𝜇max + 𝜆𝑘
𝜇min + 𝜆𝑘

 

Increasing 𝜆𝑘 ⁡therefore reduces the condition number. 

However, the same damping is applied to every parameter 

direction. A value sufficiently large to stabilize the most 

sensitive direction may excessively restrict progress in the 

remaining directions. 

AMLM instead uses the system 

(𝐽𝑘
𝑇𝐽𝑘 + 𝜆𝑘𝐷𝑘)Δ𝜃𝑘 = −𝐽𝑘

𝑇𝑟𝑘 

where 𝐷𝑘  is a positive diagonal matrix determined 

from the local parameter sensitivities. This 

direction-dependent regularization balances the scales of the 

parameter directions and limits updates associated with large 

or unreliable Jacobian components. If all diagonal elements 

of 𝐷𝑘 ⁡ are positive and bounded away from zero, the 

regularized matrix remains positive definite for 𝜆𝑘 > 0. 

For analysis, the diagonally scaled matrix can be 

written as 

𝐴̃𝑘 = 𝐷𝑘
−1/2

𝐽𝑘
𝑇𝐽𝑘𝐷𝑘

−1/2
+ 𝜆𝑘𝐼 

This representation shows that AMLM combines 

parameter scaling with scalar regularization in the 

transformed coordinates. When 𝐷𝑘 ⁡adequately reflects the 

column scales of the Jacobian, the transformed system is 

better balanced and less sensitive to strongly unequal 

parameter magnitudes. 

The experimental results are consistent with this 

interpretation. LM remains efficient when the Jacobian is 

well conditioned, but its reliability decreases under poor 

initialization, parameter degeneracy, and near-singular 

behavior. TRF limits the overall step and consequently 

improves stability. AMLM additionally regulates individual 

directions, which explains its improved robustness in the 

difficult exponential, power-law, logistic, and 

queueing-inspired experiments. 

Nevertheless, diagonal damping does not guarantee a 

lower condition number in every iteration. If the initial 

estimate is extremely inaccurate, the local Jacobian may 

provide misleading sensitivity information, and the resulting 

diagonal scaling may be ineffective. Thus, AMLM reduces 

the practical effects of ill-conditioning in many difficult 

cases but does not eliminate dependence on the quality of 

the local approximation. 

E. Convergence and Failure Analysis 

The convergence behavior of LM, TRF, and AMLM 

depends strongly on the initial estimate, noise level, 

parameter coupling, and conditioning of the local Jacobian. 

Under favorable initialization, all three methods generally 

converge to comparable residual values. In this regime, 

classical LM is usually the most computationally efficient 

because its scalar damping introduces little additional 

overhead. 

For AMLM, a trial step is computed from 

(𝐽𝑘
𝑇𝐽𝑘 + 𝜆𝑘𝐷𝑘)Δ𝜃𝑘 = −𝐽𝑘

𝑇𝑟𝑘 
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where 𝐷𝑘 ⁡is a positive diagonal damping matrix. The 

trial parameters are 

𝜃𝑘
𝑡𝑟𝑖𝑎𝑙 = 𝜃𝑘 + Δ𝜃𝑘 

Step acceptance is determined using the ratio between 

the actual and predicted reduction: 

𝜌𝑘 =
𝐹(𝜃𝑘) − 𝐹(𝜃𝑘 + Δ𝜃𝑘)

𝑚𝑘(0) − 𝑚𝑘(Δ𝜃𝑘)
 

where 

𝐹(𝜃) =
1

2
‖𝑟(𝜃)‖2

2 

is the nonlinear least-squares objective and 𝑚𝑘 ⁡is its 

local quadratic approximation. A step is accepted when it 

produces sufficient actual reduction. Successful steps allow 

the damping parameter to decrease, whereas unsuccessful 

steps increase damping and trigger a new trial step. 

This mechanism explains the nonmonotonic parameter 

trajectories observed in several experiments. Temporary 

oscillations or large intermediate parameter values do not 

necessarily indicate final divergence. In the power-law and 

logistic experiments, AMLM initially exhibits pronounced 

oscillations but later returns to the attraction region of the 

correct solution. Therefore, convergence should be 

evaluated using the objective value, parameter error, 

feasibility, and final fitted structure rather than parameter 

monotonicity alone. 

The experiments reveal four principal failure modes: 

1）Convergence to a degenerate parameter region. 

In the exponential saturation model, LM may converge to an 

incorrect linear-like solution when 𝑏  is close to zero 

because 

1 − 𝑒−𝑏𝑥 ≈ 𝑏𝑥  

The residual may appear acceptable even though the 

nonlinear parameter structure is not recovered. 

2）Incorrect curvature recovery. 

In the power-law model, LM can produce a smooth 

fitted curve that fails to reproduce the true curvature, 

particularly for large values of 𝑥. This results from strong 

parameter coupling and unequal directional sensitivities. 

3）Instability near a singular boundary. 

For the queueing-inspired model 

𝑦(𝑥; 𝜃) =
𝑎

𝑏 − 𝑥
+ 𝑐 

the model and its Jacobian become highly sensitive 

when 𝑏 − 𝑥  approaches zero. LM may then generate 

unstable steps or converge to a physically incorrect response. 

TRF and AMLM reduce this risk by restricting the step or 

applying direction-dependent regularization. 

4）Failure under extremely poor initialization. 

AMLM is not uniformly superior to LM. When the 

initial estimate lies far outside the attraction region of the 

desired solution, the Jacobian may provide misleading 

sensitivity information. Since 𝐷𝑘 ⁡is constructed from this 

local information, AMLM may apply inappropriate 

directional scaling, leading to slow convergence, large 

oscillations, or convergence to an inaccurate parameter 

region.  

An iteration is considered successfully converged when 

the objective reduction, parameter update, or gradient norm 

satisfies the prescribed tolerances: 

|𝐹𝑘+1 − 𝐹𝑘| ≤ 𝜀𝐹 

‖Δ𝜃𝑘‖2 ≤ 𝜀𝜃(1 + ‖𝜃𝑘‖2) 
or 

‖𝐽𝑘
𝑇𝑟𝑘‖∞ ≤ 𝜀𝑔 

Termination caused only by the maximum iteration 

count, numerical overflow, an invalid model value, or 

repeated rejection of trial steps is treated as failure. 

Moreover, a small residual alone is insufficient to establish 

successful parameter identification. The estimated 

parameters must also remain feasible and reproduce the 

correct nonlinear structure. 

The experiments provide empirical evidence of 

improved robustness rather than a guarantee of global 

convergence. AMLM performs particularly well under 

moderate-to-poor initialization, elevated noise, unequal 

parameter sensitivities, and near-singular behavior. 

Nevertheless, extremely inaccurate initialization and 

misleading local Jacobian information remain important 

limitations. LM is preferable in well-conditioned cases, TRF 

offers a balanced compromise, and AMLM provides the 

strongest practical robustness in most of the difficult cases 

considered. 

V. DISCUSSION 

The proposed AMLM replaces scalar damping with 

curvature-aware diagonal damping, enabling 

parameter-specific regularization. Experiments on 

exponential saturation, power-law, logistic, and 

queueing-inspired models show that AMLM generally 

improves robustness under poor initialization, noise, 

unequal parameter sensitivities, and ill-conditioned 

Jacobians. 

LM remains the most efficient method under good 

initialization and well-conditioned conditions. TRF provides 

a useful balance between stability and computational cost. 

AMLM is most advantageous in difficult cases where scalar 

damping cannot adequately control strongly unbalanced 

parameter directions. It successfully recovers nonlinear 

structures in several cases where LM converges to 

degenerate or inaccurate solutions. In the near-singular 

queueing-inspired experiment, both AMLM and TRF 

recover the nonlinear delay trend, whereas LM fails. 

However, AMLM is not uniformly superior. It usually 

requires more residual evaluations and longer runtime. 

When initialization is extremely far from the desired 

parameter region, inaccurate local Jacobian information may 

also produce inappropriate diagonal scaling, causing 

oscillations, slow convergence, or inaccurate solutions. 

Therefore, AMLM improves practical robustness but does 

not guarantee global convergence. 

Overall, LM is preferable for well-conditioned 

problems with reliable initial estimates, TRF offers a 

balanced alternative, and AMLM is more suitable when 

stability and correct parameter recovery are more important 

than computational cost. 

The implementation and experimental scripts are 

available on GitHub: 

https://github.com/shan5972/nonlinear/blob/main/AMLM_

APP.py. 

VI. CONCLUSION 

This paper proposed an Adaptive Modified Levenberg–

Marquardt (AMLM) algorithm with curvature-aware 

diagonal damping for nonlinear least-squares problems. 

Experiments conducted using three initialization levels, four 
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noise levels, and 100 runs per setting compared AMLM 

with classical LM and TRF. 

The results show that AMLM generally provides the 

highest convergence robustness under poor initialization, 

elevated noise, unequal parameter sensitivities, and 

ill-conditioned conditions. It recovers the correct nonlinear 

structure in several cases where LM converges to inaccurate 

or degenerate solutions. In the near-singular 

queueing-inspired experiment, AMLM and TRF 

successfully recover the nonlinear response, whereas LM 

fails. Under favorable conditions, however, all three 

methods achieve similar accuracy, with LM offering the 

lowest computational cost and TRF providing a balance 

between efficiency and stability. 

AMLM is not uniformly superior: it generally requires 

more evaluations and longer runtime, and extremely poor 

initialization may produce misleading diagonal scaling. 

Therefore, AMLM improves practical robustness but does 

not guarantee global convergence. 

Future work will investigate parameter bounds, 

multi-start and global initialization strategies, alternative 

damping constructions, and applications to 

higher-dimensional and real-world problems. Overall, 

curvature-aware diagonal damping provides a useful 

extension of LM when reliable parameter recovery is more 

important than minimum computational cost. 
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